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Abstract
A ﬂow is Anosov if it exhibits contracting and expanding directions forming with the ﬂow a
continuous tangent bundle decomposition. An Anosov ﬂow is codimension one if its contracting
or expanding direction is one-dimensional. Examples of codimension one Anosov ﬂows on
compact boundaryless manifolds can be exhibited in any dimension 3. In this paper, we prove
that there are no codimension one Anosov ﬂows on compact manifolds with boundary. The
proof uses an extension to ﬂows of some results in Hirsch [On Invariant Subsets of Hyperbolic
Sets, Essays on Topology and Related Topics, Memoires dédiés à Georges de Rham, 1970, pp.
126–135] related to Question 10(b) in Palis and Pugh [Fifty problems in dynamical systems, in:
J. Palis, C.C. Pugh (Eds.), Dynamical Systems-Warwick 1974 (Proc. Sympos. Appl. Topology
and Dynamical Systems, Univ. Warwick, Coventry, 1973/1974; presented to E.C. Zeeman on his
ﬁftieth birthday), Lecture Notes in Mathematics, vol. 468, Springer, Berlin, 1975, pp. 345–353].
© 2005 Elsevier Inc. All rights reserved.
MSC: Primary:37D05; secondary:37D20
Keywords: Anosov ﬂow; Manifold with boundary; Hyperbolic set
 I. A. and E. A. were partially supported by CNPq Brazil. C. M. was partially supported by CNPq,
FAPERJ and PRONEX/DYN.SYS. from Brazil.
∗ Corresponding author.
E-mail addresses: ivan@impa.br (I.W. Aguilar), enoch@impa.br (E.H. Apaza), morales@impa.br
(C.A. Morales).
0022-0396/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2005.07.022
I.W. Aguilar et al. / J. Differential Equations 218 (2005) 36–46 37
1. Introduction
Dynamical systems on manifolds with boundary have been studied elsewhere in the
literature. For instance, [20] considered the open-denseness of structural stable systems
among the transient vector ﬁelds on a manifold with boundary. In [2,3,22] the classical
characterization of structural and codimension one stable ﬂows on closed surfaces was
extended to the boundary case. In [21] the author gives sufﬁcient conditions for a C1
ﬂow  on a compact manifold with boundary M to be weakly structurally stable. No
restrictions are imposed on the tangencies of  to the boundary. In [15,17] the theory
of Morse–Smale systems on closed manifolds was extended to the boundary case.
Indeed, they considered an open-dense subset X∞∗ (M, M) of the space X∞(M, M)
of C∞ vector ﬁelds tangent to M , where M is a compact manifold with boundary M .
The authors deﬁne the Morse–Smale vector ﬁelds in order to prove the equivalence
between structural stability and Morse–Smale among the elements of X∞∗ (M, M)
with simple non-wandering set. In [14] the authors construct a vector ﬁeld on the
three-dimensional unit disc tangent to the boundary which is C1 structurally stable but
not hyperbolic. This differs from the boundaryless case, where C1 structural stability
implies the hyperbolicity of the non-wandering set [9]. The study of dynamical systems
on manifolds with boundary is related to the study of equivariant dynamical systems
[4,5].
In this paper, we prove that there are no codimension one Anosov ﬂows on compact
manifolds with boundary. A related work is [10], where it is proved the non-existence of
positively expanding maps on compact manifolds with boundary. See also [6, Section
5, p. 575], where examples of Z2-Anosov diffeomorphisms in the two-torus T 2 are
exhibited (Z2 is the cyclic group of order 2). Besides the conclusion of Theorem 1 is
contrary to the boundaryless case where examples of codimension one Anosov ﬂows
can be exhibited in any dimension 3. The proof of Theorem 1 uses an extension to
ﬂows of some results in [11] related to Question 10(b) in [18].
Let us state the result in a precise way. Hereafter, M is a compact manifold and M
denotes the boundary of M. We say that M is a manifold with boundary if M = ∅.
See [12,16] for references concerning manifolds with boundary. A Cr ﬂow in M is a
Cr -action  : IR×M → M of the additive group IR on M, r1. We denote by t the
time t-map t (x) = (t, x) of . We say that  ⊂ M is -invariant if t () =  for
all t ∈ R. It is clear by invariance of domain that the boundary M is a codimension
one invariant submanifold of .
Deﬁnition 1. Let  be a C1-ﬂow on a manifold M possibly with boundary. A compact
-invariant set  ⊂ M is hyperbolic if there is a continuous, invariant, tangent bundle
decomposition TM = Es ⊕ Eo ⊕ Eu over  such that the following hold for some
constants C,  > 0:
1. Es is contracting, namely
|| Dt (x)vsx || Ce−t || vsx || for vsx ∈ Esx and x ∈ .
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2. Eu is expanding, namely
|| Dt (x)vux || C−1et || vux || for vux ∈ Eux and x ∈ .
3. Eo is the ﬂow direction, namely E
o
x is tangent to the curve {t (x) : t ∈ R} for
all x ∈ .
The decomposition TM = Es ⊕ Eu ⊕ Eo is called the hyperbolic splitting of .
The dimension of either a linear space or a manifold L will be denoted by dim(L).
The deﬁnition of Anosov ﬂow below is related with the deﬁnition of G-Anosov ﬂow
in [6, p. 574, Section 4] with G = Z2.
Deﬁnition 2. A C1 ﬂow on a manifold M is Anosov if M is a hyperbolic set of it.
An Anosov ﬂow is codimension one if its hyperbolic splitting TM = EsM ⊕EoM ⊕EuM
satisﬁes either dim(Esx) = 1 for all x ∈ M or dim(Eux ) = 1 for all x ∈ M .
In this paper, we shall prove the following.
Theorem 1. There are no codimension one Anosov ﬂows on compact manifolds with
boundary.
The discrete version of Theorem 1 also holds, namely there are no codimension one
Anosov diffeomorphisms on compact manifolds with boundary.
The proof of Theorem 1 goes as follows. First, we state some preliminary lemmas and
observe that there are no transitive Anosov ﬂows on compact manifolds with boundary
(Corollary 1). In Proposition 1, we prove that if  is a C1 ﬂow on a compact manifold,
N is a closed submanifold in M with dim(N)2 and N is a hyperbolic set of  with
dim(Es) = 1 everywhere in N, then t /N is Anosov. It follows from this proposition
that there are no C1 ﬂows on compact manifolds exhibiting a closed surface as a
hyperbolic set (Corollary 2). In Lemma 4, we observe that Verjovsky’s Theorem [1,23]
holds on compact manifolds with boundary. The proof of Theorem 1 in dimension 3
follows from Corollary 2. The proof in dimension 4 follows from Corollary 1 and
Lemma 4 (this argument does not work in dimension 3 since Verjovsky’s Theorem is
false in that dimension [7]).
2. Proof
We start with some useful deﬁnitions. Let M be a compact manifold. A closed
submanifold in M is a compact connected boundaryless manifold N embedded in M.
If dim(N) = 2 we say that N is a closed surface in M. Let  be a ﬂow on M. A
singularity of  is a point p such that t (p) = p for all t. A periodic point of  is
a point p such that T (p) = p for some minimal T > 0. The full orbit of a periodic
point is a periodic orbit of . We say that  is non-singular if it has no singularities.
We say that  is transitive if it has a dense orbit.
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The omega-limit set of a point x (with respect to ) is the set
(x) =
{
y = lim
n→∞ tn (x) for some sequence n→∞
}
.
The alpha-limit set of x is the set (x) = −(x), where − is the reversed ﬂow
−t . A compact invariant set  of  is transitive if  = (x) for some x ∈ . A
point x ∈ M is recurrent (for ) whenever x ∈ (x). A direct consequence of the
Zorn’s Lemma is that every omega-limit set on a compact manifold contains a recurrent
point.
If C is a compact invariant set of a ﬂow  we denote by Per(C) the set of periodic
points of  contained in C. On the other hand, we say that C is isolated if there is
a neighborhood U of it such that C = ∩t∈R t (U). The closure of B is denoted by
Cl(B).
Now, let H be a hyperbolic set of a Cr ﬂow  on a compact manifold M. In the
boundaryless case (M = ∅), the Stable Manifold Theory [13] says that for every
x ∈ H the sets
Wss(x) = {y ∈ M : d(t (x),t (y))→ 0 as t →∞}
and
Wuu(x) = {y ∈ M : d(t (x),t (y))→ 0 as t →−∞}
are Cr boundaryless submanifolds of M. These manifolds are called, respectively, the
strong stable and strong unstable manifolds of x. One knows that Wss(x) and Wuu(x)
are tangent to the subspaces Esx and Eux of the hyperbolic splitting of H at x, respec-
tively. One also knows that the set-valued maps x ∈ H → W(x) for  = ss, uu are
continuous in compact parts.
Remark 1. Similar fact holds in the boundary case. Indeed, let H be a hyperbolic set
of a C1 ﬂow  on a compact manifold with boundary M. We can assume that  is
deﬁned on a closed manifold M ′ and that M is a codimension 0 submanifold M ′ (see
[12, p. 151]). Applying the Stable Manifold Theory in the boundaryless case we have
that for every x ∈ H the sets Wss(x),Wuu(x) are also Cr submanifolds of M ′.
It is clear that the manifolds above may intersect M ′ \M . The following describes
how a hyperbolic set H accumulates on the boundary of M.
Lemma 1. Let H be a hyperbolic set of a C1 ﬂow  on a compact manifold with
boundary M. Then, the following properties hold:
1. If x ∈ H is sufﬁciently close to M , then either (x) ⊂ M or (x) ⊂ M .
2. Cl(Per(H)) \ M is closed in M.
3. If H is transitive, isolated and H ∩ M = ∅, then H ⊂ M .
40 I.W. Aguilar et al. / J. Differential Equations 218 (2005) 36–46
Proof. To prove (1) we suppose by contradiction that there is a sequence xn ∈ H
converging to some z ∈ M such that (xn) ⊂ M and (xn) ⊂ M . Obviously,
z ∈ H since H is closed. Let THM = EsH ⊕ EuH ⊕ EoH be the hyperbolic splitting of
H. We claim that Esz ⊕Euz ⊂ Tz(M). Indeed, suppose for a while that Esz ⊂ Tz(M).
Then Wss(z) M at z. By the continuity of the stable manifolds of  we conclude
that, for n large, Wss(xn) M at some point w. Since w ∈ Wss(xn) we have that w
and xn have the same omega-limit sets. But the one of w is contained in M since M
is closed invariant for . Hence, (xn) ⊂ M contrary to the assumption. This proves
Esz ⊂ Tz(M). Analogously we prove Euz ⊂ Tz(M) by considering the alpha-limit set.
The claim follows. The claim would imply TzM = Esz ⊕Esz ⊕Eoz ⊂ Tz(M) since the
ﬂow is tangent to M which is absurd. This proves (1). To prove (2) we assume by
contradiction that Cl(Per(H)) \ M is not closed in M. Then, every neighborhood of
M contains a periodic point p ∈ H \ M . Since p is periodic we have p ∈ (p) =
(p). It would follow from part (1) that p ∈ M which is absurd. To prove (3) we
assume by contradiction that H is transitive, isolated, H ∩M = ∅ and H ⊂ M . Since
transitive sets for ﬂows are connected we can arrange by the Shadowing Lemma for
ﬂows [8] a periodic point sequence in Per(H) \ M converging to some point in M .
This contradicts (2) and the proof follows. 
Corollary 1. There are no transitive Anosov ﬂows on compact manifolds with
boundary.
Proof. If  were a transitive Anosov ﬂow on a compact manifold with boundary M,
then H = M is a transitive isolated hyperbolic set of  intersecting M . By Lemma
1(3) we would have M ⊂ M which is absurd. 
Next, we state an useful deﬁnition. A hyperbolic set H of a C1 ﬂow  is expanding
if its hyperbolic splitting THM = EsH ⊕ EoH ⊕ EuH satisﬁes Esx = 0 and Eux = 0 for
every x ∈ H .
Lemma 2. Let Y be a non-singular C1 ﬂow on a compact manifold N with dim(N)2.
If x ∈ N has hyperbolic expanding omega-limit set, then x is a periodic point of Y.
Proof. Since Y (x) is hyperbolic expanding it follows that every point y ∈ Y (x) has
a strong unstable manifold WuuY (y) in N [13]. Since Y is non-singular one has that
dim(Eu) = dim(N) − 1 everywhere in Y (x). Hence, dim(WuuY (y)) = dim(N) − 1 =
0 for every y ∈ Y (x). Pick a recurrent point y ∈ Y (x) and consider a small
(dim(N) − 1)-dimensional disk D ⊂ WuY (x) centered in y. Denote by  the return
map induced by the reversed ﬂow Y−t in D. Since D ⊂ WuY (y) we have that  is
contracting. The Contracting Map Theorem then implies that  has a unique ﬁxed point
which is attracting. This ﬁxed point produces a repelling periodic orbit of Y contained
in Y (x). The existence of such a periodic orbit in Y (x) clearly implies that the orbit
of x is periodic. This proves the result. 
Lemma 3. Let  be a C1 ﬂow on a compact manifold M. Let N be a closed sub-
manifold in M which is also a hyperbolic set of  with hyperbolic splitting TNM =
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EsN ⊕EoN ⊕EuN . Suppose that dim(N)2. If Es is one-dimensional (i.e. dim(Esx) = 1for every x ∈ N ), then Esx ⊂ TxN for every x ∈ N .
Proof. Denote by Yt = t /N the restricted ﬂow. N (as every hyperbolic set of ) has
ﬁnitely many singularities of . Hence, the set of regular (i.e. non-singular) points is
dense in N. Since N is a connected submanifold and the splitting TNM = EsN⊕EoN⊕EuN
is continuous we conclude that Y is non-singular. The proof of the lemma will use the
following claims.
Claim 1. If Esx ⊂ TxN , then TyN = (Euy ∩ TyN)⊕ Eoy for every y ∈ Y (x).
Proof. It sufﬁces to show that TyN ⊂ Euy ⊕ Eoy for every y ∈ Y (x). To prove it we
introduce some useful notations. For every tangent vector Z ∈ TM we write
Z = Zs + Zo + Zu
to indicate the components of Z in the splitting TM = EsN ⊕ EoN ⊕ EuN . Deﬁne the
subbundle Eou = Eo ⊕ Eu with corresponding decomposition Z = Zs + Zou. Clearly,
Zou = Zo + Zu.
Let C,  be the constants in the deﬁnition of hyperbolicity (Deﬁnition 1). Since t /N
is non-singular (and N is compact) we have that there is a positive constant K such
that
|| Dt (x)Zox || K || Zox || ∀Zox ∈ Eox.
As  > 0 there is a positive constant K ′ such that
min{K,C−1et }K ′ ∀t > 0.
Hence, for every x ∈ N , Zou = Zoux ∈ Eoux and t > 0 we have
||Dt (x)Zoux || = ||Dt (x)Zox ||+ || Dt (x)Zu ||
 K || Zox || +C−1et || Zux ||
 min{K,C−1et }(|| Zox || + || Zux ||)K ′ || Zoux || .
In conclusion, we get
|| Dt (x)Zoux || K ′ || Zoux ||, (2.1)
for every x ∈ N , Zoux ∈ Eoux and t > 0.
42 I.W. Aguilar et al. / J. Differential Equations 218 (2005) 36–46
Now, choose vy ∈ TyN−0 and pick a sequence tn →∞ such that yn := Ytn(x)→ y
as n → ∞. Since yn → y there is another sequence vyn ∈ TynN such that vyn → vy
in TN as n→∞. Deﬁne
wn = D−tn (yn)vyn .
Then wn ∈ TxN − 0. By normalizing wn if necessary we can assume that || wn ||= 1
for every n.
Let us prove that there is a positive constant K ′′ such that
|| woun || K ′′ ∀n. (2.2)
Indeed, suppose that there is no such K ′′. Then we can assume that woun → 0 by
passing to a subsequence if necessary. Again, by passing to a subsequence if necessary,
we can assume that wn → wx for some vector wx . Clearly, one has || wx ||= 1. As
woun → 0 we have wx ∈ Esx ∩ TxN . But Es is one-dimensional and Esx ⊂ TxN by
hypothesis. Then Esx ∩ TxN = 0 from which we get wx = 0, a contradiction since
|| wx ||= 1. We conclude that there is K ′′ satisfying (2.2).
Let  (vyn, Eoyn ⊕ Euyn) be the angle between vyn and Eoyn ⊕ Euyn . Then we have
 (vyn, Eoyn ⊕ Euyn) =
|| vsyn ||
|| vouyn ||
.
By the invariance of the hyperbolic splitting one has
vsyn = Dtn (x)wsn, vouyn = Dtn (x)woun .
Then,
 (vyn, Eoyn ⊕ Euyn) =
|| DXtn(x)wsn ||
|| DXtn(x)woun ||
.
From this, (2.1) and (2.2) one gets
 (vyn, Eoyn ⊕ Euyn)  (K ′)−1Ce−tn
|| wsn ||
|| woun ||
 (K ′)−1(K ′′)−1Ce−tn || wsn || (K ′)−1(K ′′)−1Ce−tn
because || wsn || 1 for all n (recall || wn ||= 1). Since tn →∞ as n→∞ we get
lim
n→∞
 (vyn, Eoyn ⊕ Euyn) = 0.
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But the continuity of the hyperbolic splitting also implies
lim
n→∞
 (vyn, Eoyn ⊕ Euyn) =  (vy, Eoy ⊕ Euy ).
Then
 (vy, Eoy ⊕ Euy ) = 0
which is equivalent to vy ∈ Eoy ⊕ Euy . This proves TyN ⊂ Eoy ⊕ Euy and the result
follows. 
Claim 2. If x ∈ N then either Esx ⊂ TxN or TxN = (Eux ∩ TxN)⊕ Eox .
Proof. Suppose that Esx ⊂ TxN . Then, TyN = (Euy ∩ TyN) ⊕ Eoy for all y ∈ Y (x)
by Claim 1. This implies that Y (x) is a hyperbolic expanding set of Y. Since Y is
non-singular and dim(N)2, Lemma 2 implies that x is periodic and so x ∈ Y (x).
Replacing y = x above we get TxN = (Eux ∩ TxN)⊕ Eox proving the claim. 
Now, we ﬁnish the proof of the lemma. Deﬁne the sets
• B = {x ∈ N : TxN = (Eux ∩ TxN)⊕ Eox};
• C = {x ∈ N : Esx ⊂ TxN}.
By Claim 2 one has
N = B ∪ C.
Moreover, since Eo ⊂ TN and TNM = EsN ⊕EuN ⊕EoN we have that B ∩C = ∅. Let
us prove that B and C are both closed in N. In fact, let xn ∈ B a sequence converging
to x ∈ N . Since xn ∈ B we have TxnN = (Euxn ∩ TxnN) ⊕ Eoxn ∀n or, equivalently,
dim(Euxn ∩TxnN) = dim(N)− 1 ∀n. By compactness, we can assume that the sequence
Euxn∩T xnN converges to a (dim(N)−1)-subspace of TxN . This subspace is necessarily
contained in Eux ∩ TxN by the continuity of Eu. Then dim(Eux ⊕ TxN) = dim(N)− 1
and so x ∈ B. This proves that B is closed. The proof for C is easier. Since B ∩C = ∅
and N = B∪C we conclude that B and C are both open and closed in N. Since N = ∅
one has either B = ∅ or C = ∅ and so either N = B or C because N is connected. In
the former case, we have that the time t mapping Yt is volume expanding which is a
contradiction. We conclude that N = C, i.e. Esx ⊂ TxN for every x ∈ N and the result
follows. 
The following is the ﬂow version of Theorem 7(a) [11, p. 131]. It gives a partial
positive answer for the ﬂow version of Question 10(b) in [18].
Proposition 1. Let  a C1 ﬂow on a compact manifold and N be a closed submanifold
in M with dim(N)2. If N is a hyperbolic set of  with dim(Es) = 1 everywhere in
N, then t /N is Anosov.
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Proof. Let  be a C1 ﬂow on a compact manifold M. Let N be a closed submanifold
which is also a hyperbolic set of  with dim(N)2. Let TNM = EsN ⊕ EoN ⊕ EuN
be the hyperbolic splitting of N. Assume that dim(Es) = 1. By Lemma 3, we have
that Es ⊂ TN everywhere in N. To prove that t /N is Anosov it sufﬁces to prove
TN = EsN⊕EoN⊕(EuN ∩TN). Now, the inclusion ⊃ is obvious since EsN⊕EoN ⊂ TN .
The inclusion ⊂ follows by noting that if v ∈ TN then, as in the proof of Claim 1, we
can write v = vs + vo + vu, where v ∈ E ( = s, u, o). Hence, vu = v − vo − vs ∈
Eu ∩ TN since vu ∈ Eu and v, v0, vs ∈ TN . This ﬁnishes the proof. 
Corollary 2. There are no C1 ﬂows on compact 3-manifolds exhibiting a closed surface
as a hyperbolic set. In particular, Anosov ﬂows on compact 3-manifolds do not have
invariant closed surfaces.
Proof. Suppose by contradiction that there is a C1 ﬂow  on a compact 3-manifold
M exhibiting a closed surface N as hyperbolic set. The contradiction will follow from
Proposition 1 once we prove that dim(Es) = 1 everywhere (recall that no closed surface
support Anosov ﬂows). To prove it we note that N is connected by deﬁnition. As in the
proof of Claim 1 we can see that Yt = t /N is non-singular. It follows that dim(Eo) =
1 everywhere in N. Now, the set {x ∈ N : dim(Es) = 2} is open and closed in N by the
continuity of the splitting. Analogously for {x ∈ N : dim(Eu) = 2}. By connectedness
we conclude that N = {x ∈ N : dim(Es) = 2} or N = {x ∈ N : dim(Eu) = 2}. In the
former case, we have that the time-t map t /N is volume contracting (for t large) and
in the latter one we have that t /N is volume expanding (for t large). In any case we
get a contradiction. This proves that dim(Es) = 1 everywhere and we are done. 
The following is the Verjovsky’s Theorem for compact manifolds with boundary.
The proof is similar to the original one (see also [1]). Recall that a source of  is
a transitive set 0 of  satisfying 0 = ∩t0 t (U) for some neighborhood U of
it. Note that if 0 is a source and p ∈ M is a hyperbolic periodic point of  then
Wss(x) ⊂ 0. It is clear that a source is a transitive isolated set.
Lemma 4. Let  be a codimension one Anosov ﬂow on a compact manifold with
boundary M. If dim(M)4, then  is transitive.
Proof. By reversing the ﬂow we can assume that dim(Eu) = 1. To apply the arguments
in [23, Section 2, p. 54] (or [1, Chapitre 2]) we only has to verify the following
properties:
1. There is a continuous foliation tangent to the subbundle Eu whose leaves are dif-
feomorphic to R.
2. The ﬂow  has a source 0 in M \ M .
To verify (1) we proceed as follows. By applying Remark 1 we have that Eu is
tangent to a continuous foliation in M. On the other hand, Eu is tangent to M in M
by Lemma 3 applied to both the reversed ﬂow and the connected components N of
M . It follows that all the leaves of the foliation are diffeomorphic to R as desired.
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To verity (2) we see that  has a source 0 by the Spectral Theorem [19] (the proof
is similar to the boundaryless case since M has non-empty interior). If 0 ∩ M = ∅,
then 0 ⊂ M by Lemma 1(3) since 0 is transitive and isolated. Since 0 is a
source we have Wss(z) ⊂ 0 for all z ∈ 0. Then we would have Esz ⊂ Tz(M) for
every z ∈ 0. This would imply Esz ⊕ Euz ⊂ Tz(M) for all z ∈ 0 ⊂ M and so
TzM = Esz ⊕ Esz ⊕ Eoz ⊂ Tz(M) a contradiction. The proof follows. 
Proof of Theorem 1. Let M be a compact manifold with boundary. Suppose by con-
tradiction that M supports a codimension one Anosov ﬂow . If dim(M) = 3 we get
a contradiction by Corollary 2 since any connected component of M is an invariant
closed surface of . If dim(M)4 we get a contradiction by Corollary 1 and Lemma
4. These contradiction prove the result. 
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